ABSTRACT This paper investigates the robust event-triggered control scheme for discrete-time Markov jump systems with nonlinear input. An event-based strategy is addressed to reduce the data communication and improve the control efficiency. A Lyaounov function method is utilized to analysis the mean square stability and sufficient conditions are obtained in the form of linear matrix inequalities. Convex combination approach is utilized to handle nonlinear input while parameter uncertainty and external disturbances are both included and the robustness H ∞ performance is analyzed. Finally, a numerical example is shown to compare the different schemes and a mass spring damping system is given to illustrate the effectiveness of the provided method.
event-based sampling scheme to design a PID controller for avoiding the re-computation of the system. In [5] , an eventbased control strategy is addressed to evaluate the performance and determine the control input in a state-feedback system. For more complex conditions, a switching approach is induced to discover the waiting time in the event-driven strategy [9] . In [10] , [11] , event-based control problems have been solved for switched linear system by asynchronous control approach, such that leads to an major improvement in event-triggered control theory. By combining event-driven scheme, model predictive control strategy can achieve a satisfactory performance and reduce the computation load, such as in [12] , [13] . Recently, adaptive event-triggered controller is designed for uncertain nonlinear systems [14] . Apparently, the event-triggered control scheme has not been fully studied for stochastic systems yet.
Markov jump system (MJS) regarded as a special kind of stochastic systems has been used to model the systems with abrupt changes of the environment and fault occurrence in an industrial process. Since the great practicability of MJLs, it has received lots of attention in the past a few decades, such that in robust control design [15] , [16] , state estimation [17] [18] [19] , filtering problem [20] , [21] and optimal control scheme [22] , etc. As we all know, these results are all in time-triggered manner, which leads to a waste of resources and decreases the efficiency of transmission. Event-triggered control scheme has become widely investigated for MJLs to reduce the communication burden, such as in [23] , the measured outputs are transmitted to the estimator only when the triggered condition is satisfied by homogeneous Markov chain is considered. Moreover, event-triggered state estimation problem is also studied for semi-Markov jump systems [24] . In contrast with completely known transition probability, [25] has focused on the H ∞ filtering problems for MJSs with unknown and uncertain transition probabilities when the transmission from sensor to filter is event-triggered. For more general cases, [26] has considered event-based scheme and network induced delays for discrete Markov jump system. Although these results improve the theoretical research on MJSs a lot, it is still lack of analysis on event-driven control scheme for discrete-time MJSs with parameter uncertainty and external disturbances. For the reason that the deterministic system is nonexist and external disturbance is an essential factor in practical processes, it is necessary to consider robustness for the system [27] , [28] , which leads to our first motivation in our study.
In another research of line, nonlinearity saturation may cause the unstable and poor performance of the system. In the most practical manufacture processes, actuator saturation is an inevitable issue owing to its limitation in a certain level. This restriction makes the linear input change to the nonlinear one as the value of the input is bounded after some linear operating, which becomes an essential factor should be considered into the systems. Researchers have paid increasing attention on the saturation problems [29] , [30] . Among these results, convex combination approach is widely used as its less conservatism, in which a set of linear systems are used to replace the nonlinearity caused by saturation. Based on this method, actuator saturation for MJSs also has achieved much discussion in recent years [31] , [32] , further for semi-MJSs [33] . However, there are limited results on the event-triggered scheme for MJSs with actuator saturation these years [34] , which is another key motivation we focused on in this paper.
Inspired by the reasons above, we consider the event-trigger control scheme instead of the time-triggered control for discrete-time uncertain MJSs with nonlinear input and external disturbance. The diagram is for proposed control strategy is presented in Fig. 1 . The main contributions in this paper is twofold: (i) This work, to our knowledge, is the first time to investigate the robust event-triggered control strategy for discrete-time Markov jump systems with uncertain parameters; (ii) The nonlinear saturated input is also considered by convex combination approach when the robust event-triggered control problem is solving for MJSs. Moreover, the largest domain of attraction is presented by solving the optimal control problem in terms of linear matrix inequalities (LMIs).
Notation: Throughout this paper, an n-dimension Euclidean spaces is given as R n . N + and N indicate for the positive and non-negative integers respectively. In addition, [a, b] represents the value taken from the constrained set between a and b. Moreover, the superscript ''T '' denotes the transposition while ''−1'' denotes the matrix inverse. | | means the row value of a vector and E{ } represents the expectation of a function. N i=1 P i is the intersection of multiple matrices P i .
II. PROBLEM FORMULATION AND PRELIMINARIES
The system is described as a Markov linear jump system with nonlinear input as:
where x k ∈ R n is the state variables, z k ∈ R p represents the measured output. The function f (u k , r(k)) denotes the nonlinear input dependent on the system mode r(k). Meanwhile, r(k) is governed by a Markov chain with taking values in a finite set
and ∆A r(k) indicates the uncertain parameters of the system. Finally, External disturbances ω k is assumed to be bounded with ω k
is the disturbance parameter with appropriate dimension. Moreover, the transition probability between two neighboring modes is given as π ij = Pr{r(k + 1) = j|r(k) = i} with π ij ∈ [0, 1] and N j=1 π ij = 1. We recall the following essential definitions and lemmas for our main results in the next section.
Nonlinear saturation here is mainly considered as actuator saturation, which is regarded as a normal phenomenon in physical systems [35] , [36] and restricted in a specific constraint when a signal is transmitted from to the actuator. The saturated controller output in a defined boundary may cause the instability and bad performance of the system. Therefore, this kind of nonlinear is replaced by a set of linear systems in a convex hull, by which the controllers are designed as the formation in Lemma 1.
Definition 1 [29] : For the given positive symmetric matrix P, F, an ellipsoid set and a symmetric polyhedron set are defined as follows, respectively:
where f a denotes the ath row of the matrix F. Then, an ellip-
sign(u i ) min{1, |u i |}. Here α denotes both the vector value and scale value of the saturation function.
Lemma 1 [32] : For the given vectors u k and
In line with the event-triggered strategy, not all the sampling-time-driven states are applied for the feedback controller. Thus, we take the event driven states as x E k , then, we have the controller in the form of u k = K r(k) x E k . Thus,the event condition is presented below, which means that if the condition is satisfied, the event-triggered controller is used for the system and until the next triggered time.
Definition 2 [5] : Let t k is the current triggered signal and t k+1 refers to the next triggered time, then, for k ∈ [t k , t k+1 ], there exist γ r(k) ∈ [0, 1] and positive matrix Φ r(k) , the event is driven if the following inequality is satisfied.
where e k = x k − x E k is the difference value of sampling-timetriggered state and event-triggered state. The trigger factor γ r(k) ∈ [0, 1] is a known scalar to determine the trigger instant.
Remark 1: As event-triggered time in this paper is assumed as k = lh, in which h is the sampling time period and l is the number of sampling period. Thus, the set of succeed transmission can be viewed as the subset of the sampling time instant set. This is the operating how the event-triggered scheme reduce the cost of data communication.
Remark 2: In this paper, the mode-dependent triggered condition is proposed and the mode is assumed as the same as the system operation mode. When the system jump from i to j, as the time-triggered interval is shorter than that of event-triggered interval, the mode is deemed to be the same.
The robustness control method is applied for the existence of parameter uncertainty and extrinsic disturbance in system (1). Therefore, the following definitions are presented.
Lemma 2 [37] : The parameter uncertainty in system (1) is assumed to only exist in parameter A with
where constant matrices H r(k) and E r(k) are considered with appropriate dimensions while unknown matrix r(k) is considered with Lebesgue measurable element satisfying
Lemma 3 [37] : Given real matrices of appropriate dimensions Z , E, F and . For real matrix satisfying T ≤ I , the following inequality holds if there exist sclar α > 0
Definition 3 [38] For given ρ > 0 and initial state x 0 , if we have the following inequality holds, then, Markov jump system (1) is satisfactory with a H ∞ performance index: 
The main purpose of this paper is to design a event-triggered controller to stabilizes system (1) and satisfies an H ∞ performance index with estimating a largest domain of attraction.
Based on a Lyapunov function, sufficient conditions are given for the controller design and H ∞ performance is analyzed by the event-trigger strategy.
III. MAIN RESULTS
In this section, an event-based controller is firstly designed with the consideration of actuator saturation in Theorem 1. Then, on the basis of Theorem 1, H ∞ performance is analyzed and the robust designed controller based on event signal is given in Theorem 2. Finally, the largest domain of attraction is attained in Theorem 3 by solving an optimal problem. (8) where
Here we show the closed-loop system (1) is mean square stable when external disturbance ω k = 0. For r k = i and r K +1 = j, we have
For the sake of analysis, we have
) and substitute to (9) . Furthermore, combining the event-trigger condition (2), the following inequality is obtained
Then, we have the following inequality satisfied based on inequality (10).
where
To handle the uncertainty in the system by Lemma 3, the following inequality holds.
As positive matrix P (7) is guaranteed.
In this subsection, we derive the sufficient conditions for event triggered H ∞ control for uncertain system with considering external disturbances. Following gives the conditions. (15) where
According to Definition 3 before, we make the function of J k < 0 shown below,
which is to say, if we want J k < 0 is satisfied, the former inequality should be guaranteed first. By the similar process, we obtain that ξ T i ξ , where
In a similar way on the basis of Lemma 3 and
, I } on the right. We achieve the follow inequality to be guaranteed.
In this subsection, for all the feasible solutions, we could obtain the largest domain of the attraction by a reference ellipse within the feasible regions under event-driven control scheme. The following theorem is given for the estimation. 
Proof: On the ground of Definition 3, the following condition we could obtain,
Then with the same fundamentals of mathematics, we know that (22) is achieved. Then, we choose an ellipsoid reference set and we have {x ∈ W :
Let σ = −1/β 2 . (21) is guaranteed. This completes the proof. Remark 3: In this part, a reference ellipsoid set (W , 1) is applied to estimate the largest attraction domain of the system (1). On the basis of the feasible domain of the stabilization condition (22) , the largest domain of attraction of ellipse (W , 1) is determined by minimizing the parameter σ . Then, the estimation of the largest attraction domain problem becomes solving optimization problem above to get the minimum value of σ .
IV. SIMULATION EXAMPLES
In this part, we first give a numerical example to compare the results in Theorem 2 and Theorem 3 for MJSs with uncertainty and bounded disturbance. To verify the effectiveness and feasibility of the mentioned design method for practical system, we give a mass spring damping system in the second part.
Example 1: The numerical parameters are given as:
The transition probability of the MJSs is assumed as: Fig.2 shows the jump mode of the MJSs. Fig.3 present the state responses of the system. From Fig.4 of event trigger signal, we could discover that not every sampling time is triggered when we choose the trigger factor as γ 1 = 0.3, γ 2 = 0.3, γ 3 = 0.4. Furthermore, we set the mode-dependent triggered parameters as in mode 1 (the triggered signal is 2), in mode 2 (the triggered signal is 3) and in mode 3 (the triggered signal is 4). Finally, Fig.5 gives the largest domain attraction (in the intersection part).
In the following table, we present the comparison of different triggered factors in different system modes. As the factors increase, the optimization problems may have no feasible solutions and the largest domain of attraction is also given in the intersection part of the three ellipses by three modes in Fig.4 . Meanwhile, with the increasing of trigger factor, the largest feasible solution decrease instead. Thus, the trigger factor is an important parameter for the event-based control mechanism.
Example 2: Mass spring damping system [39] . In this part, we give an dynamic model to verify the effectiveness of the proposed method. For reducing the movement energy and improving driving safety, the analysis of a mass spring damping system is necessary. In this subsection, a mass-spring damping system is described as a Markov linear jump system as the spring has a limited reset switch. Then, two modes (i ∈ {1, 2}) is chosen with different constants a = 0.3 m −1 and a = 0. For the useful of the device, the saturated input is considered here. The dynamic equations of the system are given as, in which x is the position of a reference point andẋ is the speed of the reference point: The mode jump responses and state responses are given in Fig.6 and Fig.7 . The event-triggered release instant is shown in Fig.8 , it is obviously that the event-driven control strategy save much more communication cost in the system, where ''2'' means the triggered instant in mode 1 and ''3'' means the triggered time in mode 2. Finally, the largest domain of attraction is also presented shown as Fig.9 in the intersection part by solving the optimal problem in Theorem 3.
V. CONCLUSION
The robust event-triggered control problem for Markov jump systems is addressed in this paper with the consideration of uncertain parameters and nonlinear input. The mode-dependent event-triggered condition is given to determine the time to trigger the controller. Meanwhile the controller is designed to stabilize the system and guarantee the H ∞ performance index. Sufficient conditions are obtained in terms of LMIs and the largest domain of attraction is given by solving a optimal problem. Simulation studies on a numerical and a mass spring damping systems to illustrate the effectiveness of the proposed method and achieve a range feasible solutions.
